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Abstract 
We investigate the existence of a spanning local tournament with possibly high connectivity 
in a highly connected locally semicomplete digraph. It is shown that every (3k - 2)-connected 
locally semicomplete digraph contains a k-connected spanning local tournament. This improves 
the result of Bang-Jensen and Thomassen for semicomplete digraphs and of Bang-Jensen [I] for 
locally semicomplete digraphs. 
Kewords: Digraph; Connectivity 
1. Terminology and preliminaries 
We denote by V(D) and E(D) the vertex set and the arc set of a digraph D, 
respectively. If .~y is an arc of D, then we say that x dominates y. More generally, 
if A and B are two disjoint subdigraphs of D such that every vertex of A dominates 
every vertex of B, then we say that A dominates B, denoted by A --f B. In addition, 
if A + B, but there is no arc from B to A, then we say that A strictly dominates B, 
denoted by A + B. 
The outset of a vertex x E V(D) is the set N+(x) = {y ( xy E E(D)}. Similarly, N-(x) 
= {,v 1 yx E E(D)} is th e inset of x. More generally, for a subdigraph A of D, we define 
its outset by N+(A) = UxEVcAj N+(x)-A and its inset by Np(A)=lJx~vcA,N-(x)-A 
(if necessary, we write N:(A) and N;(A) instead of N+(A) and N-(A), respectively). 
Every vertex of N+(A) is called an out-neighbour of A and every vertex of N-(A) is 
an in-neighbour of A. 
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In this paper we shall consider finite digraphs without loops and multiple arcs. 
The numbers d+(x) = IN+(x)1 and d-(x) = IN-(x)1 are called outdegree and indegree 
of x E V(D), respectively (if necessary, we write d;(x) and d;(x) instead of d+(x) 
and d-(x), respectively). If d+(x) = d-(x) = r holds for every vertex x of D, then we 
say that D is r-regular. 
Paths and cycles in a digraph are always directed. A path from x to y is called an 
(x, y)-path. Two (x, y)-paths are internally disjoint if they have only the vertices x and 
y in common. 
The subdigraph of D induced by a subset A of V(D) is denoted by D(A). In addition, 
D-A=D(V(D)-A). 
A strong component H of D is a maximal subdigraph such that for any two vertices 
x,y E V(H), the subdigraph H contains a path from x to y and a path from y to x. 
The digraph D is strong or strongly connected, if it has only one strong component, 
and D is k-connected if for any set A of at most k - 1 vertices, the subdigraph D -A 
is strong. 
If D is strong and S is a subset of V(D) such that D-S is not strong, then we say 
that S is a separating set of D. A separating set S of D is minimal if for any proper 
subset S’ of S, the subdigraph D - S’ is strong. 
A digraph is connected, if its underlying graph is connected. In this paper, we only 
consider connected digraphs. 
If we replace every arc xy of D by yx, then we call the resulting digraph (denoted 
by D-‘) the converse digraph of D. 
A subdigraph of D is called a spanning subdigraph if it contains all vertices of D. 
A digraph is semicomplete if for any two different vertices x and y, there is at least 
one arc between them. A tournament is a semicomplete digraph without a cycle of 
length two. 
In 1990, Bang-Jensen [l] introduced a very interesting generalization of tourna- 
ments - the class of locally semicomplete digraphs. A digraph D is locally semi- 
complete, if for every vertex x, D(N+(x)) and D(N-(x)) are both semicomplete. A 
local tournament is a locally semicomplete digraph without a cycle of length two. 
It is obvious that the class of locally semicomplete digraphs is a superclass of local 
tournaments. 
We note that every induced subdigraph of a locally semicomplete digraph is lo- 
cally semicomplete. In addition, the converse of a locally semicomplete digraph is also 
locally semicomplete. 
It has been shown that locally semicomplete digraphs have many properties in com- 
mon with tournaments. The first of them is the following: 
Theorem 1.1 (Bang-Jensen [l]). Every strong locally semicomplete digraph contains 
a hamiltonian cycle. 
In other words, every strong locally semicomplete digraph contains a spanning local 
tournament that is also strong. 
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In general, the existence of a spanning local tournament with possibly high connec- 
tivity in a highly connected locally semicomplete digraph is an interesting problem. 
Bang-Jensen and Thomassen (cf. [l]) proved that every Sk-connected semicomplete 
digraph contains a k-connected spanning tournament. Bang-Jensen [l] generalized this 
result to locally semicomplete digraphs and proved that every Sk-connected locally 
semicomplete digraph contains a k-connected spanning local tournament. However, he 
conjectured the following: 
Conjecture 1.2 (Bang-Jensen [ 11). Every 2k-connected locally semicomplete digraph 
contains a k-connected spanning local tournament. 
In this paper we prove that a (3k - 2)-connected locally semicomplete digraph con- 
tains a k-connected spanning local tournament (see Theorem 2.2). So, Conjecture 1.2 
is also true for k = 2. 
To prove our main results we need the following results. 
Theorem 1.3 (Bang-Jensen [l]). Let D he a connected locally semicomplete digraph 
that is not strong. Then the following holds: 
(a) If A and B are two strong components of D, then either there is no urc between 
them or A+B or B=xA. 
(b) If A and B are two strong components of D such that A dominates B, then A 
and B are both semicomplete digraphs. 
(c) The strony components of’ D can be ordered in a unique tc’ay DI, Dz,. . , D, 
such that there are no arcs ,jrom Dj to Di for ,j > i, and Di dominates Di+l 
,for i= 1,2 ,..., p - 1. 
The unique sequence DI , D2, . . . , DP of the strong components of D in Theorem 1.3 
(c) is called the strong decomposition of D with the initial component D1 and the 
terminal component Dr. 
Theorem 1.4 (Guo and Volkmann [3]). Let D be a connected locally semicomplete 
digraph that is not strong and let D 1,. . . DP be the strong decomposition of D. Then 
D can be decomposed in r 3 2 subdigraphs 01, OS,. . . ,Di as follows: 
D; = D,,, i,, = p, 
I.,+, = min{j ) N+(Di) n V(D:) # @} 
Furthermore, the subdigraphs Di, Di, . . , 0: satisfy the following: 
(a) D,! consists of some strong components of’ D and it is semicomplete for 
i = 1,2,. . . , r; 
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(b) D,!+, dominates the initial component of D,! and there exists no arc from D( to 
D;+, for i=1,2 ,..., r- 1; 
(c) if r > 3, then there is no arc between D( and D,! for i, j satisfying 1 j - il > 2. 
For a connected, but not strongly connected locally semicomplete digraph D, the 
unique sequence Di, Di,. . . ,D: defined in Theorem 1.4 is called the semicomplete 
decomposition of D. 
Lemma 1.5 (Bang-Jensen [l]). Let D be a strong locally semicomplete digraph and 
let S be a minimal separating set of D. Then D - S is connected. 
Lemma 1.6. Let D be a k-connected digraph and let A be a vertex set with 
AnI’(D) If we add some arcs between A and D such that min{d+(v),d-(v)} 2 
k + 1 for every v E A, then the resulting digraph H is also k-connected. Moreover, 
if H is not (k + I)-connected, then every minimum separating set of H is also a 
minimum separating set of D. 
Proof. Suppose that H is not (k + I)-connected. Let S be a minimum separating set 
of H. Then 1st 6 k. Because of d’(v),d-(v) > k + 1 for each v E A, every vertex 
of A - S has at least one out-neighbour and at least one in-neighbour in the subdigraph 
D -S. It follows that D -S is not strong. Since D is k-connected, we see that ISI = k. 
Therefore, H is k-connected and every minimum separating set of H is also a minimum 
separating set of D. 0 
Lemma 1.7. Let D be a k-connected digraph and xy E E(D). If D contains at least 
k + 1 internally disjoint (x, y)-paths, each of which is of length at least 2, then the 
digraph D’ obtainedfrom D by replacing xy with yx is also k-connected. Furthermore, 
if D’ is not (k + I)-connected, then every minimum separating set of D’ is also 
a separating set of D. 
Proof. Suppose that D’ is not (k + 1 )-connected. Let S be a minimum separating set 
of D’ with ISI 6 k. Then there are two vertices a and b such that D’ - S contains 
no (a, b)-path. If S n {x, y} # 0, then it is obvious that D - S also contains no (a, b)- 
path. Thus D - S is not strong. If S f? {x, y} = 8, then it is easy to see that x and y 
are in the same strong component of D’ - S, and hence D - S contains no (a,b)- 
path. This means that D - S is not strong. Therefore, every minimum separating set 
of D’ is also a separating set of D. Since D is k-connected, /SI = k holds. Thus D’ is 
k-connected. 0 
2. Main results 
We first consider the existence of a spanning local tournament with possibly high 
connectivity in a highly connected locally semicomplete digraph which is not semi- 
complete. 
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Theorem 2.1. Let D be a (2k - I)-connected locally semicomplete digraph which is 
not semicomplete. Then D contains a k-connected spanning local tournament. 
Proof. We shall show the statement by induction on the number k. If k = 1, then, by 
Theorem 1.1, D has a Hamiltonian cycle and we are done. So we may assume that 
k 3 2. Since D is not semicomplete, D has a minimal separating set S such that D -S 
is not semicomplete. According to Lemma 1.5, D - S is connected. Let DI, D2,. . . ) D,, 
be the strong decomposition and let D{,Di,. . .,D: be the semicomplete decomposition 
of D - S, respectively. Obviously, r 2 3 and ISI, 1 V(Di)/ 3 2k - 1 3 3. Using the def- 
inition of locally semicomplete digraphs and Theorem 1.4, it is not difficult to show 
that Di+D[+S+Dl. 
Let xi E V(Dl), x2 E V(D,) and D’= D-(x1,x2}. It is clear that D’ is (2(k- l)- l)- 
connected. By the induction hypothesis, D’ contains a (k - 1 )-connected spanning local 
tournament T’. Now we consider the subdigraph D” of D obtained from T’ by adding 
the two vertices x1,x2 and all the arcs between T’ and {xi,x~}. From the choice of the 
two vertices XI, x2 and the assumption that D is (2k - 1 )-connected, we can destroy in 
D” all cycles of length 2 between T’ and {xi,x2} such that every vertex of {x1,x2} 
has at least k out-neighbours and k in-neighbours in Tf. Thus, we obtain a spanning 
local tournament T of D. By Lemma 1.6, T is (k - I)-connected. 
Suppose that T is not k-connected. Then T has a separating set S’ with /S/I = k - 1. 
By Lemma 1.6, S’ is also a separating set of T’. It follows that xi and x2 do not 
belong to S’. Let T,, T2,. . , T, be the strong decomposition and let T,‘, Ti,. . , T[ be the 
semicomplete decomposition of T - S’, respectively. Since xi and x2 are not adjacent, 
T - S’ is not semicomplete. It follows that t 3 3. Thus, S’ is the outset of V(T,) in 
T. Because T is a spanning local tournament of D, S’ is also the outset of V(T,) 
in D. This contradicts the assumption that D is (2k - I)-connected. Therefore, T is 
k-connected. 0 
In the proof of the next theorem, we will use some ideas of Bang-Jensen (see the 
proof of Theorem 4.5 in [l]). 
Theorem 2.2. A (3k - 2)-connected locally semicomplete digraph contains a k-con- 
nected spanning local tournament. 
Proof. Let D be a (3k - 2)-connected locally semicomplete digraph on n vertices. If 
D is not semicomplete, then we are done by Theorem 2.1, since 3k - 2 > 2k - 1 for 
all k 3 1. So we assume that D is semicomplete. We shall prove the statement by 
induction on the number k. 
If k = 1, then D has a Hamiltonian cycle by Theorem 1.1. Assume thus k 2 2. If D is 
complete, then it is a simple matter that D contains a k-connected spanning tournament. 
So we only need consider the case that D is not complete. This implies that n 3 3k. 
Because of 3k - 2 > 3(k - 1) - 2, D contains a (k - 1 )-connected spanning tournament 
by the induction hypothesis. 
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Suppose that D does not contain a k-connected spanning tournament. Let T be chosen 
among all (k - 1)-connected spanning tournaments of D such that the following holds: 
(1) The number of minimum separating sets of T is as small as possible. 
(2) T has a minimum separating set S such that the number of strong components 
of T - S is as small as possible. 
Let TI, T& . . . , Tp be the strong components of T-S. Suppose without loss of generality 
that 1 V(Tl)I 3 1 V(T,)( (otherwise, we consider the converse D-’ of 0). Clearly, the 
semicomplete decomposition of T - S has exactly two components T,’ and Ti and 
It follows that IY(Ti)I 2 k + 1. Let At =N;(Ti)n V(T,‘) and A2 =N,‘(T,‘)n V(Ti). 
Since D is (3k - 2)-connected, lAil 2 min(2k - 1, I V(T/)I} holds for i = 1,2. We 
shall show that there are two vertices x E V(T,), y E V( T,,) satisfying the following 
conditions: 
(a) 1 dp<v<p and IV(T,)lJ..~UV(T,)I>,3. 
(b) yx is an arc of D. 
(c) T contains at least k internally disjoint (x,y)-paths each of length at least 2. 
Suppose I V(T,‘)I > 2k. Let Al be a subset of Al with IA; / = 2k - 1. Since T,’ is 
strong, there is at least one arc from T,’ - Ai to Ai. So we have 
c d- (v> = (2k - l)W - 2) + 1 T,’ 2 
&A( 
It follows that Ai contains a vertex y having at least k in-neighbours yi, y2,. . . , yk 
E V( T,‘). Let x be a vertex of A2 such that yx is an arc of D. Because of x =+ T{, T 
contains k internally disjoint (x, y)-paths x + yi -+ y for i = 1,2,. . . , k. 
Suppose now that I V(T,‘)I = tl 6 2k - 1. It follows that Al = V(T,‘). 
Assume that T,’ contains a vertex y which has at least [a/2] + 1 in-neighbours 
in T,‘. Let Ai =ND+(y)nAz. Since D is (3k - 2)-connected, IAil >(3k - 2) - ISI 
- (a - 1) = 2k - CL It is easy to see that Ai contains a vertex x having at least 
1 
(2k - a)(2k - ix - 1) 
2 
+-I =k- I?] 
out-neighbours in Ti. Because of k - L(LI - 1)/2J + ( 1~421 + 1) > k, we see that T has 
at least k internally disjoint (x,y)-paths of length 2. 
Assume thus that every vertex of T,’ has at most icr/2J in-neighbours in T,‘. This 
implies that T,’ is regular, and hence the number x = 1 V(T,‘)I is odd. Let a = 2t + 
1 with t > 0. Furthermore, we may assume that every vertex of A2 has at most 
k - t - 1 out-neighbours in Ti. By the observation (A21 b 2k - a, it is easy to check 
that A2 = V(T,_l), iA21 =2k - c( and T,_I is also regular. Now we note that there 
are exactly k - 1 internally disjoint (x, y)-paths in T( V( T,_, ) U V( T,)) for any two 
vertices x E V( Tp_ I ) and y E V( T,). 
Since it 3 3k and /Y(T,)I + IV(Tppl)l =2k, we have p >, 3. Suppose that T contains 
an arc xs from T,_, to S. Because of s --) z + Tp for some z E V(Tl ), T contains k 
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internally disjoint (x, y)-paths for any y E V(T,). So we may assume that S + Ti,_t. 
Since D is (3k - 2)-connected and A2 = V(TP_l ), iNi( Ti - V( T,_,))l 3 3k - 2. 
It follows that cx = 1, and hence T,,-I is a (k - 1 )-regular tournament. Thus N;( T; - 
V(T,_i))=Su V(T,_,). Let x be a vertex of Ti- V(T,_l) and ye V(T,_r) such that 
ys is an arc of D. Then we see that the k - 1 in-neighbours of y in T,_, and the path 
x + T, + s + y with s ES form k internally disjoint (x, y)-paths. 
Altogether, we have shown that T - S contains two vertices x and y satisfying the 
conditions (a)-(c) above. 
Now we consider the tournament T’ obtained from T by replacing the arc ;u,! with 
yx-. From the assumption that D contains no spanning k-connected tournament, we see 
that T’ is not k-connected. By Lemma 1.7, T’ is (k- I)-connected and every minimum 
separating set of T’ is also one of T. 
If T’ - S is strong, then the number of minimum separating sets of T’ is less than 
that of T, a contradiction to the choice of T in view of the condition (1) above. So we 
assume that T’ - S is not strong. Since T’( V( TP) U U V( T,.)) is strong, the number 
of the strong components of T’ - S is less than that of T - S. This contradicts the 
conditions (1) and (2). 
Therefore, D contains a k-connected spanning tournament. 0 
Corollary 2.3 (Bang-Jensen [ 11). A Sk-connected locally semicomplete digraph has a 
k-connected spanning local tournament. 
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